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Abstract
We revisit the study of singular points in the Coulomb branch of N = 2 SQCD in four
dimensions with gauge group SU(N). For certain choices of the mass parameters these
vacua are not lifted by a mass term for the chiral multiplet in the adjoint representation. By
using recent results about the M5 brane description ofN = 1 theories we study the resulting
vacua and argue that the low-energy effective theory has a simple Lagrangian description
involving a free chiral multiplet in the adjoint representation of the flavor symmetry group,
a system somewhat reminiscent of the standard low-energy pion description of the real-
world QCD. This fact is quite remarkable in view of the fact that the underlying N = 2
SCFT (the Argyres-Douglas systems) are strongly-coupled non-local theories of quarks and
monopoles.
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1 Introduction
In the past few years several techniques have been developed to understand the properties of field
theories without a Lagrangian description. A well-known example is the M-theory realization
of N = 2 theories in four dimensions proposed some years ago by Gaiotto [1]. More recently
this construction has been extended to a large class of four dimensional theories with N = 1
supersymmetry and, as in theN = 2 case, the information about the protected sector of the theory
is encoded in an auxiliary complex curve [2, 3, 4, 5, 6]. In the M-theory description this curve
arises as a holomorphic cycle in a Calabi-Yau threefold and in the case of superconformal theories
the R-charge (and hence the dimension) of chiral operators can be read from the curve imposing
1
that the holomorphic three-form (which encodes the low-energy effective superpotential [7]) has
R-charge two [8]. Using these tools one can for example study RG flows between nonLagrangian
N = 1 theories (provided the corresponding curve is known) and read out properties of the IR
fixed point.
In this paper we use this idea to explore the infrared behaviour of N = 2 SQCD softly broken
by a mass term for the chiral multiplet in the adjoint representation of the gauge group: for generic
values of the parameters the low-energy effective theory at the points in the N = 2 Coulomb
branch which are not lifted by the superpotential has a simple Lagrangian description. Indeed, just
from the knowledge of the Seiberg-Witten (SW) solution [9, 10], it is possible to understand the
effect of the superpotential deformation. In this way one can understand confinement and chiral
symmetry breaking as a consequence of monopole condensation [9]-[12]. However, for certain
choices of the parameters the effective theory at the relevant points in the Coulomb branch is
a strongly coupled theory with relatively nonlocal degrees of freedom, analogous to the theory
discovered by Argyres and Douglas [13] (AD theory). Such theories do not have any Lagrangian
description and, consequently, it appears to be a rather formidable task to find out the effect of the
superpotential and hence the properties of the theory in the IR, from the SW solution alone 1. As
we shall see, by using the methods mentioned above one can determine the R-symmetry preserved
by the N = 1 deformation and consequently determine several properties of the resulting IR fixed
point exploiting the results of [16].
Our methods are general and can be applied for generic choices of the superpotential breaking
the N = 2 supersymmetry. The special feature of the quadratic superpotential (on which we
focus here) is that the resulting IR effective theory turns out to be extremely simple: after the
N = 1 deformation the AD theory flows to a theory describing a free chiral multiplet in the adjoint
representation of the global symmetry group of the underlying gauge theory. Small variations of
the parameters of the gauge theory result in some superpotential terms for the chiral multiplet.
One thus finds an effective low-energy description in terms of gauge invariant degrees of freedom,
which is quite reminiscent of the effective pion Lagrangians in the real-world QCD. Of course, in
the supersymmetric setup we are working in, there is much better control than in QCD and one can
actually derive precisely the form of the Lagrangian from the underlying microscopic theory.
As the physical effect of adding an adjoint scalar mass is to make the system more strongly cou-
pled in the infrared, it is perhaps reasonable to interpret the free mesons found here as composites
of the dyons of theN = 2 AD theories.
The rest of the paper is organized as follows: in Section 2 some known facts about N = 2
SQCD and the strongly coupled theories of interest for us are reviewed. In section 3 we study
1In some systems of this kind, but in theories with Nf even, a dual description recently found by Gaiotto, Seiberg
and Tachikawa [14] can be used to analyze the phases of the far-infrared systems. See [15] and references cited therein.
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the effect of the superpotential deformation and give evidence that the resulting IR fixed point is a
free theory by computing the a and c central charges. As a nontrivial consistency check we show
that our candidate IR effective theory satisfies ’t Hooft anomaly matching condition. In Section
4 we study the moduli space of the gauge theory and check that the F-term equations arising
from the superpotential of our effective theory reproduce in detail the results of the gauge theory
computation. This can also be seen as a further consistency check of the techniques developed in
[2, 8]. In Appendix A we re-derive the results of Section 4 and argue that the chiral multiplet in the
adjoint of the flavor group found in the first sections can be identified with the meson appearing in
Seiberg’s dual description of SQCD [17].
2 Singular points on the Coulomb branch ofN = 2 SQCD
In this section we describe the superconformal theories we are interested in and review their main
properties. The content of this section is mainly based on [18] and [19].
2.1 SU(2) with Nf = 1
The SW curve can be written in the form [20]
Λ(v +m)t + v2 + u+
Λ2
t
= 0 ; λ =
v
t
dt , (2.1)
or equivalently, after a redefinition of v, as
v2 =
Λ2
4t
(t3 − 4m
Λ
t2 − 4 u
Λ2
t− 4) . (2.2)
By tuning m and u appropriately the curve becomes singular and reduces to
v2 =
Λ2
4t
(t− 41/3)3. (2.3)
With the change of variable z = t − 41/3 and after a suitable scaling limit (see e.g. [18]) this
becomes
v2 = z3 ; λ = vdz . (2.4)
These are the curve and differential for the AD theory of type A2. This theory is known to have a
coupling constant, which we call m, of dimension 4/5 and a chiral operator U of dimension 6/5.
When we embed the theory in SU(2) SQCD with one flavor as we have done above, the coupling
constant and chiral operator of the SCFT are inherited from the mass parameter and Coulomb
3
branch operator of the gauge theory respectively. A change of the value of the mass parameter in
the gauge theory by 2 δm is mapped in the IR to the followingN = 2 preserving deformation [18]∫
d2θd2θ˜ δmU . (2.5)
In the following we shall need a and c central charges of this theory, which were computed in [16].
The result is
a =
43
120
; c =
11
30
. (2.6)
2.2 SU(2) with Nf = 2
This is the only model with even number of flavors we consider. The SW curve can be written as
Λ2t + v2 + u+
(v +m1)(v +m2)
t
= 0 ; λ =
v
t
dt .
With a change of variable we can bring it to a Gaiotto inspired form
v2 =
−Λ2t3 − (Λ2 + u)t2 − (u+m1m2)t+ (m1 −m2)2/4
(t+ 1)2
; λ = v
dt
t
.
Setting u = −Λ2, m1 = m2 = Λ ≡ m∗ and performing the scaling limit we find
v2 = t3 ; λ = v
dt
t
.
We recognize here the SW curve for the AD theory of type D3, which is the same as the AD
theory of type A3. This theory is known to have a SU(2) global symmetry, which in the present
construction is inherited from the global symmetry of the gauge theory.
As every N = 2 SCFT, our theory includes a chiral operator transforming in the adjoint of
the global symmetry (the lowest component of the multiplet containing the conserved current)
which is commonly called moment map (see Fact 2.1 of [21] and [22] for further details). The
corresponding chiral multiplet will be denoted as MSU(2). In the present case (as in all the other
models we are going to discuss in this note) this is naturally associated with the traceless part of
the meson Q˜Q of the gauge theory. The a, c and SU(2) central charges are [16]
a =
11
24
; c =
1
2
; kSU(2) =
8
3
.
If we wish to slightly change the value of the mass parameters and understand how this “de-
formation” is mapped in the AD theory, we should distinguish two cases: setting m1 = Λ + m˜;
2Throughout, we shall denote by δm the common shift of the quark masses from the critical value, m = m∗ at the
AD point. The symbols m˜i (
∑
i m˜i = 0), will be instead reserved for the nonAbelian flavor dependent deviation of
the masses.
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m2 = Λ − m˜ we break the SU(2) global symmetry to the Cartan U(1). Because of the above-
mentioned relation between the moment map of the AD theory and the meson of the gauge theory,
we have a natural candidate deformation in the AD theory: the superpotential term
W =
∫
d2θ m˜Tr (σ3MSU(2)) .
Setting instead m1 = m2 = Λ + δm, which does not break the SU(2) global symmetry, corre-
sponds as in the Nf = 1 case to turning on the N = 2 preserving term [18]∫
d2θ δmV ; V =
∫
d2θ˜ U .
In the above formula U is the dimension 4/3 Coulomb branch operator of the AD theory and δm is
interpreted as the corresponding dimension 2/3 coupling constant. The generic mass deformation
is just a combination of the two special cases considered above and is consequently equivalent to
activating both superpotential terms.
2.3 SU(2) with three flavors
The SW curve is
tΛ(v +m1 − Λ/2) + v2 + u+ (v +m2 − Λ/2)(v +m3 − Λ/2)
t
= 0 ; λ = v
dt
t
.
First of all we bring it to the 6d inspired form (with the same SW differential)
v2 =
[
t2 Λ
2
+
(
m2+m3
2
− Λ
2
)]2
(t+ 1)2
− t
2Λ(m1 − Λ2) + ut+ (m2 − Λ/2)(m3 − Λ/2)
t+ 1
.
The singular point we are after is found by setting u = 0 and m1 = m2 = m3 = Λ/2 ≡ m∗.
Performing the scaling limit we find
v2 = t4 ; λ = v
dt
t
,
which is the SW curve for the AD theory of type D4. This theory has an SU(3) global symmetry
inherited from the underlying gauge theory. We have an operator U of dimension 3/2 and the
corresponding dimension 1/2 coupling which can be identified with the U(1) mass parameter of
the gauge theory [18] δm ≡ (m1+m2+m3)/3−Λ/2. An argument analogous to the one given in
the previous subsection tells us that the other two mass deformations are mapped to the following
superpotential terms in the AD theory:∫
d2θ m˜3Tr (T3MSU(3)) ;
∫
d2θ m˜8 Tr (T8MSU(3)) ,
where MSU(3) is the SU(3) moment map of the AD theory and T3, T8 denote the Cartan generators
of SU(3) in the fundamental representation.
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2.4 SU(N) theories
Let us move now to SU(N) SQCD, limiting ourselves to the particular case with Nf = 2N − 1
flavors. The properties of the superconformal theories we are going to discuss depend only on Nf ,
so this is actually not restrictive. The case of SU(2) SQCD with three flavors discussed in the
previous section falls in this class. It is convenient to write the curve in the form [23]
y2 = PN(x)
2 − 4Λ
∏
i
(
x+mi − Λ
N
)
.
By setting mi = m∗ = Λ/N and all the ui to zero the curve degenerates to
y2 = (x− 4Λ) x2N−1 , (2.7)
and after the scaling limit we are left with the curve
y2 = x2N−1; λSW = x
dy
y
. (2.8)
These superconformal theories have already been studied in [19] (they also appear in [24] where
they were called D2(SU(2N − 1))). They have chiral operators Uk of dimension
D(Uk) =
2k − 1
2
; k = 2, . . . , N ,
which are inherited from the Coulomb branch operators of the parent gauge theory and a coupling
constant m of dimension 1/2 which descends, as in the previous cases, from the singlet mass
parameter of the gauge theory
δm =
1
2N − 1
∑
i
mi −m∗, m∗ ≡ Λ
N
.
Another important property for our analysis is the fact that these models have an SU(2N − 1)
global symmetry. The a, c and SU(2N − 1) central charges can be computed by using e.g. the
methods of [16]. The result is (see [24])
a =
7
24
N(N − 1) ; c = 1
3
N(N − 1) ; kSU(2N−1) = 2N − 1 . (2.9)
As in the previous cases, a variation of the singlet mass parameter gets mapped to the relevant
deformation ∫
d2θ δmV2 ; V2 =
∫
d2θ˜ U2 , (2.10)
in the superconformal theory. Other (flavor non-singlet) mass deformations correspond to activat-
ing a superpotential term linear in the SU(2N − 1) moment map:∫
d2θTr
[(∑
i
m˜iTi
)
MSU(2N−1)
]
,
where Ti are the Cartan generators of SU(2N − 1) in the fundamental representation.
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3 N = 1 deformation
We shall now deform the gauge theories mentioned in the previous section by adding a mass term
for the chiral multiplet in the adjoint (µ ∫ d2θTrΦ2). Of course this superpotential breaks extended
supersymmetry and most of the Coulomb branch is lifted; however, it turns out that the AD-like
points we described before are not lifted. The N = 2-breaking term is then mapped in the IR to
some relevant deformation of the AD theory, which will then flow to some N = 1 infrared fixed
point. The goal of the present section is to better understand the resulting superconformal theories
and, as we shall see, the answer turns out to be quite surprising. Our tool to address this problem
is theN = 1 curve studied in [2] (see also [3, 4, 5, 6]).
3.1 SU(2) theory with one flavor
Let us recall first of all how to determine the N = 1 curve for this theory: we start from the curve
for the gauge theory with a massive chiral multiplet (of mass µ) in the adjoint representation at the
relevant point on the Coulomb branch (see [2])
v2 = Λ
2z3
4(z+41/3)
;
w2 = µ
2Λ2
4
(z2 + az + b) ;
w = f(z)v ,
Ω =
dvdwdz
z + 41/3
. (3.11)
The first equation is the N = 2 curve and the second is obtained by imposing the boundary
condition w ∼ µv for large z. The parameters a and b can be fixed by exploiting the constraint
w = f(z)v which tells us that the ratio w2/v2 has to be the square of a rational function on the z
plane. This is a consequence of the Hitchin field description and tells us that the spectral curve is a
two-sheeted covering of the z plane as required by the 6d realization of the theory. In more physical
terms, it was shown in [2] that this constraint is equivalent to imposing the factorization condition
(see e.g. [25]) which identifies the points on the Coulomb branch which are not lifted by theN = 1
deformation. The constraint leads to b = 0, a = 41/3 and consequently f(z) = µ(z+41/3)/z. The
space parametrized by v, w and z is Calabi-Yau and Ω is the corresponding holomorphic three-
form. As in the case of N = 2 theories, we now need to identify a suitable scaling limit in order
to extract the spectral curve associated with the N = 1 AD theory. Our proposal is the following:
as in the N = 2 case we send Λ to infinity (i.e. we discard terms proportional to a negative power
of Λ) after the redefinition 3
v = Λ2/5v′ ; z = Λ−2/5z′ ; µ = Λ−4/5µ′ . (3.12)
3the exponents are chosen in such a way that Ω remains finite in this limit.
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Implementing this we end up with the curve
v′2 = z′3 ;
w2 = µ′2z′ ;
z′w = µ′v′ ,
Ω = dv′dwdz′ . (3.13)
Notice that the first equation is simply the SW curve of the AD theory of type A2 and v′dz′ is
the corresponding SW differential. Imposing now the constraint [8] D(Ω) = 3 (or equivalently
R(Ω) = 2) we find 4 the following assignment of R-charges:
R(v′) = 1, R(z′) =
2
3
; R(w) =
1
3
.
Exploiting now the fact that v′ and z′ have respectively charge 6/5 and 4/5 under RN=2 and zero
under I3 (the Cartan generator of the SU(2) R symmetry), whereas w has charge one under I3 and
zero under RN=2, we conclude that the combination of RN=2 and I3 of the AD theory preserved
by the aboveN = 1 deformation is
5
6
RN=2 +
1
3
I3 . (3.14)
Notice that the above combination is precisely the one preserved by the following N = 1 defor-
mation of the AD theory: ∫
d2θµ′U .
This result fits perfectly with our expectations since, as was explained in the previous section, the
chiral operator U of the AD theory is related to TrΦ2 of the gauge theory. Under the assumption
that (3.14) is the R-symmetry of the IR fixed point, one can immediately evaluate the a and c
central charges of our IR fixed point using the well-known formulas [26]
a =
3
32
(3TrR3 − TrR) ; c = 1
32
(9TrR3 − 5TrR) ,
combined with the relations [16]
TrR3N=2 = TrRN=2 = 48(a
′ − c′) ; TrRN=2I23 = 4a′ − 2c′ , (3.15)
where a′ and c′ are the central charges of the AD theory (here we are using ’t Hooft anomaly
matching) given in the previous section. The result is
a =
1
48
; c =
1
24
,
4Here we are assuming that µ′ is dimensionless, which is indeed the case if the N = 1 deformation leads to a
nontrivial IR fixed point. We regard the fact that the final answer is a consistent SCFT as a nontrivial consistency
check on the correctness of this assumption.
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which are the a and c central charges of a free chiral multiplet. We are thus led to the proposal
that our system at low energies can be described by a single chiral multiplet which we call Ψ. The
superpotential term µTrΦ2 in the gauge theory is then mapped to µ′Ψ3 in the effective low-energy
theory (just because its R-charge is three times that of Ψ).
As we have seen in the previous section, changing the mass of the doublet in the gauge theory
corresponds in the AD theory to the superpotential deformation∫
d2θ δmV ; V =
∫
d2θ˜ U . (3.16)
Using the fact that θ˜ has charges 1 and −1/2 under RN=2 and I3 respectively, we conclude that V
has charge 2/3 under (3.14), or equivalently dimension one at the IR fixed point. This suggests the
identification
δmV ≈ δmΨ .
We thus conclude that when the mass of the doublet is slightly different from the critical value, the
effect of the N = 2 breaking deformation can be effectively described by the superpotential term
W = δmΨ+ µ′Ψ3 . (3.17)
W has two critical points. In each one of the two vacua the second derivative of the superpotential
is different from zero and is of the order
√
δmµ′; as a consequence our chiral multiplet becomes
massive in both vacua.
This matches precisely the gauge theory expectation. As is well known, there are three singular
points in the quantum moduli space of the N = 2 SU(2) theory with Nf = 1, where either a
quark or a dyon becomes massless [10]. The AD point arises when the quark vacuum and a dyon
vacuum collide by a judicious choice of the quark mass [18]. Vice versa, when the quark mass is
taken slightly off the critical value, the AD vacuum splits into two vacua. These can be analyzed
directly by using the SW solution and are found to develop mass gap.
3.2 SU(2) theory with three flavors
Consider now the theory with three flavors. The analysis in this case is similar to the previous
one. The study of the theory with two flavors requires some particular consideration and will be
postponed to the next subsection.
After theN = 1 breaking we find the following spectral curve
v2 = Λ
2t4
4(t+1)2
;
w2 = µ2Λ2t2/4 ;
w = µ(1 + 1/t)v ,
Ω = dvdw
dt
t
. (3.18)
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In the above formula we gave directly the solution of the constraint w = f(t)v. As before, we now
send Λ to infinity after the redefinition
µ = µ′Λ−1/2 ; t = zΛ−1/2 .
The resulting curve is 
v2 = z4/4 ;
w2 = µ′2z2/4 ;
zw = µ′v ,
Ω = dvdw
dz
z
. (3.19)
Imposing that the holomorphic three-form has dimension three, we find that the above curve is
invariant under the U(1) group
2
3
(RN=2 + I3) , (3.20)
which is our candidate R-symmetry in the IR. This is precisely the combination preserved by the
superpotential term ∫
d2θ µ′U .
Notice that under (3.20) V = ∫ d2θ˜U has charge 4/3 and MSU(3) has charge 2/3. Assuming (3.20)
is the IR R-symmetry we can easily evaluate a and c central charges of our candidate SCFT as in
the previous subsection (the central charges of the AD theory are given by (2.9) setting N = 2).
The result is
a =
1
6
; c =
1
3
.
These are the central charges of a free theory describing eight chiral multiplets, which is the number
of multiplets contained in MSU(3). Since its charge under RIR is precisely equal to the R-charge of
a free chiral multiplet, we are led to the conclusion that our SCFT is simply a free theory describing
a chiral multiplet in the adjoint of SU(3) which we call again Ψ.
Since in this case the theory has a nontrivial global symmetry, it is now possible to make a
nontrivial consistency check for our proposal by looking at the SU(3) flavor central charge: by ’t
Hooft anomaly matching we know precisely the relation between the central charges in the UV and
in the IR. Our candidate IR effective theory should then satisfy such relation. The only information
we need for the computation is the flavor central charge of the D4 AD theory which is equal to 3
(see again (2.9)). In the UV we have
TrRIR SU(3)
2 =
2
3
TrRN=2 SU(3)2 = −1
3
kSU(3) = −1 ,
which matches the computation in our low-energy effective theory
TrRIR SU(3)
2 =
(
2
3
− 1
)
3 = −1 .
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Let us now analyze the effect of the mass deformations in the infrared: if we slightly change
the mass parameters (δm) in the gauge theory keeping them equal, the SU(3) global symmetry
is unbroken and from the discussion of the previous section we know that this deformation is
described in the AD theory by the superpotential term∫
d2θ δmV .
Since the R-charge of V is twice that of Ψ in the IR, we conclude that in our low-energy effective
theory the deformation is described by the superpotential (including the N = 2 breaking term)
W = δmTrΨ2 + µ′TrΨ3 . (3.21)
The resulting F-term equations read
3µ′Ψ2 + 2 δmΨ− λ1 = 0 .
1 denotes the identity matrix and λ is a Lagrange multiplier which enforces the traceless condition.
Modulo an SU(3) transformation we can take Ψ in an upper triangular form. Then, since all the
diagonal elements satisfy the same quadratic equation, at least two of them are equal (for instance,
Ψ11 = Ψ22). If we impose that all the diagonal elements are equal (to zero since the matrix is
traceless), one is forced to have λ = 0 and all the off-diagonal elements vanishing. Otherwise, we
get Ψ11 +Ψ33 = −2δm3µ′ . The traceless condition then implies Ψ22 = Ψ11 = 2δm3µ′ , Ψ33 = −4δm3µ′ and
λ = 8 δm
2
3µ′
. The only constraint for the off-diagonal elements is Ψ12 = 0.
In summary, we have found one vacuum in which the global symmetry is unbroken and with a
mass gap, whereas in the second group of vacua SU(3) is spontaneously broken to (at least) U(2).
The vacuum moduli is now described by the Nambu-Gldstone modes. In this family of vacua one
has massless chiral multiplets. As we will explain momentarily, these findings fit well with the
gauge theory analysis.
From the discussion in Section 2, we also know how to deal with a generic mass deformation:
the corresponding effective superpotential is
W = TrMΨ+ δmTrΨ2 + µ′TrΨ3 ,
where M is a traceless diagonal matrix. Setting Ψ =∑a ψaTa this can be rewritten as
W = m˜
2
ψ3 +
n˜
2
ψ8 +
δm
2
∑
a
ψaψ
a +
µ′
4
∑
a,b,c
ψaψbψcdabc . (3.22)
The corresponding F-term equations can be solved exactly. It turns out that only ψ3 and ψ8 are
nonzero, so the system of equations reduces to m˜2 + δmψ3 +
√
3µ′
2
ψ3ψ8 = 0 ;
n˜
2
+ δmψ8 +
√
3µ′
4
(ψ23 − ψ28) = 0 ,
(3.23)
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which has four distinct solutions.
This is again exactly what is expected from the original gauge theory analysis [10]. Let us recall
that, for Nf = 3, there are five singular points, three ”quark” points and two dyon singularities.
The AD point arises when the triplet quark vacuum meets one of the dyon vacua [18]. At a slightly
off critical mass, therefore, the AD vacuum splits into the triplet vacua and the monopole (singlet)
vacuum. In the former the global SU(3) symmetry is broken to SU(2)× U(1) by a condensation
of the triplet field.
3.3 SU(2) theory with two flavors
After the N = 1 deformation the theory can be described by the curve
v2 = − Λ2t3
(t+1)2
;
w2 = −µ2Λ2(t+ a) ;
w = f(t)v ,
Ω = dvdw
dt
t
. (3.24)
The third equation implies a = 0 and f(t) = µ(t + 1)/t. In order to perform the scaling limit we
consider the redefinition
µ = µ′Λ−2/3; t = zΛ−2/3 ,
and then send Λ to infinity. We are then left with the curve
v2 = −z3 ;
w2 = −µ′z ;
zw = µ′v ,
Ω = dvdw
dz
z
, (3.25)
which is invariant under the U(1) group (assuming as before that µ′ is uncharged)
3
4
RN=2 +
1
2
I3 , (3.26)
which is precisely the combination preserved by the N = 1 deformation∫
d2θµ′U .
Under (3.26) U has charge 2, V has charge 1 and MSU(2) has charge 1/2. Here we come across a
new phenomenon: (3.26) cannot be the R-symmetry of the theory in the IR, since there is a chiral
operator in the theory with charge smaller than 2/3.
We propose the following interpretation: the chiral multiplet MSU(2) decouples and becomes
free. To evaluate the a and c central charges, we should then subtract the contribution from three
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chiral multiplets with charge 1/2 (remember that MSU(2) transforms in the adjoint of SU(2)) and
add the contribution of three multiplets of charge 2/3. The final result is precisely the a and c
central charges of three free chiral multiplets. We thus interpret the N = 1 deformed AD model
as a theory describing a chiral multiplet in the adjoint of SU(2) which we call Ψ as in the previous
cases.
As in the Nf = 3 case, we can match the triangle anomaly TrU(1)SU(2)SU(2), where U(1)
is the combination (3.26), in the UV and in the IR: in the AD theory we find
TrU(1)SU(2)2 =
3
4
TrRN=2SU(2)2 = −1 .
The second equality follows from the observation that −2TrRN=2SU(2)2 is equal to the SU(2)
flavor central charge which is 8/3 for the D3 AD theory. This is readily reproduced in our low-
energy effective theory:
TrU(1)SU(2)2 = (I3(Ψ)/2− 1)2 = (1/2− 1)2 = −1 .
Given their charges under (3.26), we identify V with TrΨ2 and U with (TrΨ2)2. We are then
led to conclude that the effect of the mass deformations in the gauge theory should be accounted
for at low energy by the effective superpotential
W = m˜ψ3 + δmTrΨ2 + µ′(TrΨ2)2 , (3.27)
where ψ3 is the diagonal component of Ψ, viewed as a 2× 2 traceless matrix.
When m˜ = 0 the superpotential (3.27) is SU(2) preserving and acting with a global SU(2)
transformation we can put Ψ in upper triangular form as before. The F-term equations become
(4µ′TrΨ2 + 2 δm)Ψ = λ1 ,
whose solutions are
Ψ = 0 ; Ψ = ±i
√
δm
µ′
σ3 + a(σ1 + iσ2) ,
where a is unconstrained. When a = 0 the two solutions in the second set differ by a sign so
are equivalent modulo an SU(2) transformation and should not be considered as distinct vacua.
In the first vacuum we have a mass gap and the global symmetry is unbroken, whereas in the
second group of vacua SU(2) is broken to (at least) U(1). In this class of vacua there are massless
Nambu-Goldstone modes.
If m˜ 6= 0 the superpotential explicitly breaks SU(2). Setting Ψ = ψaσa, we find the system of
equations 
m˜ψ1 + µψ1(
∑
a ψ
2
a) = 0 ;
m˜ψ2 + µψ2(
∑
a ψ
2
a) = 0 ;
δm+ m˜ψ3 + µψ3(
∑
a ψ
2
a) = 0 .
(3.28)
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This system has three solutions: if either ψ1 or ψ2 is nonzero, the corresponding equation implies
m˜ + µ(
∑
a ψ
2
a) = 0 and the third equation reduces to δm = 0, against our assumption δm 6= 0.
We thus find ψ1 = ψ2 = 0 and ψ3 is a root of the cubic equation
δm+ m˜ψ3 + µψ
3
3 = 0 .
Again, this fits correctly with the knowledge of the underlying gauge theory (i.e., the AD
vacuum arises as the result of a collision of the doublet vacuum with one of the monopole/dyon
vacua.)
Thus both in the Nf = 2 and Nf = 3 theories, an interesting physics emerges when theN = 1
SCFT is further deformed by a common noncritical quark mass, δm. The system smoothly goes
into confining phase, with flavor symmetry spontaneously broken. The free meson fields Ψ make
a metamorphosis into massless Nambu-Goldstone particles.
3.4 SU(N) theory with 2N − 1 flavors
By analogy with the analysis in the previous section, we expect the mass term for the adjoint
multiplet Φ to be mapped in the SCFT to theN = 1 deformation∫
d2θµ′U2 , (3.29)
where µ′ is proportional to the parameter µ. It will now be seen that the analysis with the N = 1
curve does confirm this expectation.
As in the previous cases, the curve is described by a system of equations in the Calabi-Yau
threefold parametrized (in the notation of section 2.4) by x, y and a new coordinate w. In order
to determine it, in this case it is more convenient to adopt a slightly different strategy and follow
the approach of [27]: we exploit the fact [2] that for an N = 2 gauge theory deformed by a
superpotential for the chiral multiplet in the adjoint, the projection of theN = 1 curve on the plane
(x, w) gives the Dijkgraaf-Vafa curve [28]. The advantage of this strategy is that the Dijkgraaf-Vafa
curve is easy to extract from (2.7): it is described by the equation
w2 = µ2x(x− 4Λ) .
We are then led to the system y2 = x2N−1(x− 4Λ) ;w2 = µ2x(x− 4Λ) . (3.30)
We now perform the change of variables
y = 2t− xN ; w = 2w′ − µx ,
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which brings the above system to the formt2 − txN + Λx2N−1 = 0 ;w′2 − µw′x+ µ2Λx = 0 . (3.31)
This is theN = 1 curve found in [27], who also observed that the holomorphic three-form is
Ω = dw′dx
dt
t
.
We can now notice that from (3.30) we find the relation
µy = ±xN−1w .
Under the above change of variables this becomes
2µt = µxN ± (2w′xN−1 − µxN) .
We now choose to impose the boundary condition
w′ → µx for t→∞
which selects the plus sign in the previous equation. Collecting everything we find the system
t2 − txN + Λx2N−1 = 0 ;
w′2 − µw′x+ µ2Λx = 0 ;
µt = w′xN−1 ,
Ω = dw′dx
dt
t
. (3.32)
The third equation encodes the information about our choice of boundary condition.
The final step is to perform the scaling limit: making the change of variables
µ = µ′Λ−1/2 ; t = zΛ1/2 ,
and sending then Λ to infinity we get the curve
z2 + x2N−1 = 0 ;
w′2 + µ′2x = 0 ;
µ′z = w′xN−1 ,
Ω = dw′dx
dz
z
. (3.33)
We recognize in the first equation the N = 2 curve for the D2(SU(2N − 1)) model. If we now
impose the constraint D(Ω) = 3 we find that the above curve is invariant under the action of the
U(1) group
RIR =
2
3
(RN=2 + I3) (3.34)
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which is precisely the combination preserved by the N = 1 deformation∫
d2θ µ′ U2 .
Notice that this is, as expected, the combination found when we discussed the SU(2) theory with
three flavors.
Using now (2.9) it is easy to evaluate the a and c central charges of the resultingN = 1 theory
(assuming that (3.34) is the infrared R-symmetry). We find
a =
(2N − 1)2 − 1
48
; c =
(2N − 1)2 − 1
24
,
which are the a and c central charges of a free theory describing N2f − 1 chiral multiplets. Since
the moment map associated with the SU(2N − 1) global symmetry of the underlying N = 2
theory has precisely charge 2/3 under (3.34), we conclude that the IR fixed point describes a chiral
multiplet Ψ in the adjoint of SU(2N − 1).
The anomaly matching works in this case as well: in theN = 2 theory we have
TrRIR SU(2N − 1)2 = 2
3
TrRN=2 SU(2N − 1)2 = −1
3
kSU(2N−1) =
1− 2N
3
.
whereas in the N = 1 effective theory,
TrRIR SU(2N − 1)2 = (RIR(Ψ)− 1)(2N − 1) = 1− 2N
3
.
Repeating the argument given for SU(2) theories we conclude that a generic mass deformation
in the gauge theory can be mapped in the IR to the following effective superpotential for the field
Ψ:
W(Ψ) = 1
2
∑
i
m˜iΨi + δmTrΨ
2 + µ′TrΨ3, (3.35)
where m˜i are the SU(2N − 1) mass parameters and Ψi are the components of Ψ along the Cartan
subalgebra.
At the AD point, i.e., without mass deformation, m˜i = δm = 0, one finds the equation for Ψ
3µ
′
Ψ2 − λ1 = 0 , Tr Ψ = 0 , (3.36)
where λ is the Lagrange multiplier. By a unitary transformation Ψ can be always put into upper
triangular form (Schur’s decomposition),
Ψ =

a1 ∗ · · · ∗
0 a2
.
.
. ∗
.
.
.
.
.
.
.
.
. ∗
0 · · · 0 aNf
 . (3.37)
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The first of the equations (3.36) tells that the diagonal elements satisfy
3µ
′
a2i = λ , i.e. ai = ±
√
λ/3µ′ . (3.38)
As Nf = 2N − 1 is odd, after taking into account the second equation one has necessarily
λ = 0 , ai = 0 , ∀i . (3.39)
Equation (3.36) then reduces to
Ψ2 = 0 . (3.40)
This vacuum moduli represents various Higgs branches emanating from the AD point. It will be
seen in the next section that this result reproduces the structure of the vacuum moduli space of the
gauge theory.
Let us analyze now the effect of mass deformation, δm 6= 0 (δm is the shift of the common
mass away from the critical mass m∗ = Λ/N). The equations for Ψ are now
2 δmΨ+ 3µ
′
Ψ2 − λ1 = 0 , Tr Ψ = 0 . (3.41)
The diagonal elements ai are solutions of the second-order equation
2 δma+ 3µ
′
a2 − λ = 0 . (3.42)
Denoting the two solutions as
a± =
1
3µ′
{−δm±
√
(δm)2 + 3µ′λ} , (3.43)
and assuming that r of the diagonal elements are equal to a+, the remaining Nf − r to a− (we call
such a solution r vacuum), the equation Tr Ψ = 0 gives
r a+ + (Nf − r) a− = 0 , r = 0, 1, . . . , [Nf
2
] , (3.44)
which determines λ for each r vacuum. The generic solution has the form
Ψ =
(
a+1r ∗
0 a−1Nf−r
)
, (3.45)
where the elements in the upper right block are unconstrained. In a r vacuum, the global SU(Nf )×
U(1) symmetry is broken to U(r) × U(Nf − r). The associated 2r(Nf − r) Nambu-Goldstone
modes arise from the Higgs branches around the AD point.
Finally, when the mass parameters are generic, the F-term equations become
3µ
′
Ψ2 + 2 δmΨ+M = 0 , (3.46)
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whereM is a diagonal matrix whose eigenvalues all have multiplicity one (this is what is meant by
generic). It is possible to show that under this assumption all the solutions of (3.46) are diagonal
and since every element on the diagonal satisfies a quadratic equation, one finds 2Nf−1 solutions.
We will see in the next section that this result agrees with the counting of vacua in the under-
lying SU(N) gauge theory. In the next section, we shall study in more detail the properties of our
critical point from the original gauge theory perspective.
4 The gauge theory perspective
The softly broken N = 2 SU(N) gauge theory (we shall limit ourselves to the particular odd
flavor case, Nf = 2N − 1 for concreteness) is described by the superpotential,
W =
√
2 Q˜iΦQi +mi Q˜
iQi +
µ
2
TrΦ2. (4.47)
Using the generalized Konishi anomalies [29, 30] all the chiral condensates of the theory can be
expressed in terms of the parameters of the theory, the gluino condensate and the trace of the matrix
of meson vevs. The latter two quantities can in turn be computed by extremizing the Dijkgraaf-
Vafa superpotential. The corresponding equations are [31]:
µ
2
[
(Nf − 2r)
√
(a− η)2 − 4S/µ− (2N −Nf )a−Nfη
]
= 0 , (4.48)
(Nf − 2r) log
(
a− η
2
− 1
2
√
(a− η)2 − 4S
µ
)
+ log
(
µN−rΛ2N−Nf
SN−r
√
2
Nf
)
= 0 . (4.49)
where η is the bare quark mass (we consider here only the case with degenerate mass parameters
for the flavors)
η ≡ − m√
2
,
and
a ≡
√
2
Nµ
〈Q˜iQi〉
is the meson condensate. The parameter r labels different vacua and runs from 0 to [Nf/2] (see
[31] for details). The SW curve of the gauge theory in a r vacuum can be written in the form
y2 = (x− η)2rQ2N−r−1(x)(x− a+ 2
√
S/µ)(x− a− 2
√
S/µ) .
We obtain the point of interest for us when one of the two unpaired roots in the previous equation
coincides with η (see section 2). This condition imposes the constraint
(a− η)2 − 4S/µ = 0 , (4.50)
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which greatly simplifies equations (4.48) and (4.49) since all the terms inside the square roots are
set to zero. From (4.48) and (4.50) we then immediately find
a = − Nf
2N −Nf η ; S = µ
(
2N
2N −Nf
)2
η2
4
. (4.51)
Plugging these two relations in (4.49) we find an equation for η whose solutions are
η∗ = −m
∗
√
2
= ωk
2N −Nf
N
2Nf/(4N−2Nf )Λ , (4.52)
where
ωk = e
pii(2k+1)/(2N−Nf ) , k = 0, . . . , 2N −Nf − 1 .
Notice that in this solution the dependence on r disappears, implying that the various r vacua
(which are distinct for a generic value of the mass parameter) merge together for the above choices
of η. We can now recover the vacuum counting of section 3: when we change the value of the
common bare mass our singular point splits into [Nf/2] r vacua (as we will see later there are flat
directions emanating from these points). If now the bare masses are taken to be generic each r
vacuum further splits into
(
Nf
r
)
vacua [12]. We thus find a total of
[Nf/2]∑
r=0
(
Nf
r
)
= 2Nf−1
vacua, in agreement with the result of the previous section.
In order to compare the results with the analysis of Section 3.4, we shall set Nf = 2N − 1
below, which will make the formulas somewhat simpler.
We shall now see that for the above choice of the mass parameter N = 2 SQCD deformed
by a mass term for the chiral multiplet in the adjoint has a nontrivial moduli space, with the same
structure as that found in Section 3.4.
Since Φ enters quadratically, we can integrate it out using the equations of motion and work
in terms of the meson field only. Usually in the literature the resulting equations are solved by
taking the meson matrix to be diagonal. Indeed, when the mass parameters are generic this is not
restrictive: if we consider the variations
δQ˜j = Q˜i; δQi = Qj (i 6= j)
we find the relations
δQ˜j
∂W
∂Q˜j
=
√
2Q˜iΦQj +mjQ˜
iQj = 0 ,
∂W
∂Qi
δQi =
√
2Q˜iΦQj +miQ˜
iQj = 0 .
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These equations are not subject to quantum corrections associated with anomalies simply because
the anomaly is trivial for these transformations. Taking the difference of the two equations we get
(mj −mi)Q˜iQj = 0 ,
and if mi 6= mj for all i 6= j we directly conclude that the matrix of meson vevs is diagonal.
However, since we are interested in the case of equal mass parameters, this argument does not
apply.
Let us integrate out the multiplet in the adjoint and rewrite the superpotential in terms of the
meson field only. From the equations of motion we find
Φa = −2
√
2
µ
Q˜iTaQi , (4.53)
and plugging this back in (4.47) we get
W = −1
µ
(
TrM2 − 1
N
(TrM)2
)
+ TrmM .
The space of vacua is obtained by extremizing the above superpotential supplemented with the
suitable nonperturbative superpotential term. The matrix of meson vevs thus satisfies the equation
− 2
µ
M2ij +
(
2TrM
µN
+m
)
Mij + (M∂WNP /∂M)ij = 0 . (4.54)
The actual form of WNP depends on the value of Nf . Instead of discussing the various cases
separately, we can proceed as follows: considering again the variation
δQi = Qj ,
we find the equation √
2Q˜iΦQj +mi Q˜
iQj − Sδij = 0 ,
where S is the gluino condensate. The last term arises as a consequence of the Konishi anomaly.
Plugging now in the above equation (4.53) we find
− 2
µ
M2ij +
(
2TrM
µN
+m
)
Mij − Sδij = 0 , (4.55)
and by comparing this with (4.54) we obtain the relation
Sδij = −(M∂WNP /∂M)ij .
The advantage of this observation is that by setting the mass parameter m to the critical value
m = m∗ (4.52) we select the AD point we are interested in and we know already the value of the
gluino condensate (and of TrM) there (see Eq (4.51)).
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Using (4.50) and (4.51) we can rewrite (4.55) in the form
M2ij − 2αMij + α2δij = 0 ; α ≡
Nµm∗
4N − 2Nf =
TrM
Nf
. (4.56)
The above equation can be recast into the form,
M˜2 = 0 , (4.57)
where M˜ denotes the traceless part of M :
M˜ ≡M − αI . (4.58)
Notice that this precisely reproduces the result (3.40) obtained in our effective theory : Ψ2 = 0,
When the quark masses are taken slightly off the critical value, one still has equation (4.55), but
TrM and S are shifted according to Eqs. (4.51), and consequently Eq. (4.55) no longer reduces to
Eq. (4.57). In order to see how the latter gets modified, let us set (η ≡ −m/√2)
η = η∗ + ǫ , (η∗ = −m∗/
√
2 ; ǫ = −δm/
√
2) ; (4.59)
a = −Nf (η∗ + αǫ+ γǫ2) +O(ǫ3) , (4.60)
and
S = µ(2N)2
(η∗)2
4
+ βǫ+ δǫ2 +O(ǫ3) . (4.61)
in Eq. (4.48) and Eq. (4.49). Apparently it is a straightforward exercise to solve them order by
order in ǫ, and to insert the solutions into Eq. (4.55) to find the modification of the equation for M˜ .
On general grounds one expects (4.57) to be modified to the form,
M˜2 + C1M˜ + C2 1 = 0 , (4.62)
with
C1 = O(ǫ) , C2 = O(ǫ) , (4.63)
which would appear to reproduce nicely equation (3.41) for the Ψ fields found in the previous
section.
Actually it requires a more careful analysis to show that equations (4.62) and (3.41) have indeed
the same structure. The problem is that Eq. (4.48) and Eq. (4.49) clearly depend on r, and it is
natural to expect that the solutions for α, β, γ, δ, . . . depend on it, even though to the zeroth order
in ǫ (i.e., at exactly the AD point) the solution for a = TrM and S were found not to depend
on r (the coalescent r vacua). As a consequence it is natural to expect that the coefficients C1,
C2 would depend on r. On the other hand, the coefficients of the terms Ψ1, δm ∼ ǫ, and Ψ0,
λ in (3.41) are clearly independent of r, a priori. λ is just a Lagrange multiplier. However, the
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solutions of (3.41) are classified by an integer r = 0, 1, . . . , [Nf/2]: the resulting λ does depend
on the solution, hence on r. How could such a system of equations be consistent with Eq. (4.55),
with (4.59), (4.60), (4.61)?
In spite of the apparent r dependence of the equations, quite surprisingly the solution for the
first order shifts α and β from Eq. (4.48) and Eq. (4.49) turn out to be independent of r and given
simply by (for Nf = 2N − 1)
α =
N − 1
2N − 1 , β = N
2µη∗ , (4.64)
and accordingly,
C1 =
µ√
2(2N − 1)ǫ =
µ√
2Nf
ǫ . (4.65)
By using the first order results, (4.64), one then readily shows that the order ǫ contribution to
C2 exactly cancels, so that C2 = O(ǫ2). In order to find C2, the second order deviations of TrM
and S from the critical values, γ and δ, must be calculated. Now a second surprise is that actually
γ and δ turn out to be indeterminate. This can be seen from the fact that by using√
(a− η)2 − 4S/µ = 2N −Nf
Nf − 2r a+
Nf
Nf − 2rη (4.66)
following from Eq. (4.48) in Eq. (4.49), there is actually only one equation 5 for γ and δ. Therefore
one finds that
C2 = O(ǫ
2) , (4.67)
with indeterminate coefficient. This is what allows Eq. (4.62) to possess solutions 6 corresponding
to various r vacua. C2 is determined for each solution (and is indeed of the order O(ǫ2)).
The conclusion is that the equation for M˜ , with (4.62), (4.65), (4.67), has the same structure as
that for Ψ, Eq. (3.41). The degrees of freedom of the system are the massless fields describing the
traceless part of the gauge-invariant mesons, M˜ .
5 Discussion
The analysis of Section 3 is done by first flowing into the AD infrared fixed point SCFT of N = 2
theories, and then uponN = 1 perturbation,
µTr Φ2 , (5.68)
5For the first order shifts α, β, there is one more condition that the argument of the square root must not contain
the order ǫ terms, i.e., that the first equation (4.66) be compatible with expansion in powers of ǫ.
6If C2 were a priori fixed, equation (4.62) would not have nontrivial solutions at all, in general.
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by following the RG path further down to the N = 1 SCFT. This corresponds to taking
µ≪ Λ2 , (5.69)
(the left path of Fig. 1). Remarkably, while the N = 2 AD points are interacting SCFT with
relatively nonlocal massless fields, the corresponding N = 1 SCFTs (physics below the mass
scale µ) are found to be described by a free massless chiral meson supermultiplet Ψ in the adjoint
representation of the global SU(Nf ), in all cases studied.
This way, the moduli space of vacua (Higgs branches) emanating from the origin Ψ = 0 at
exactly the N = 1 AD point have been exhibited. Furthermore, the deformation by noncritical
quark masses was studied. In particular, for noncritical but common quark masses, it was found
that the vacuum splits into a set of r vacua, with the global symmetries broken in each of them as
U(Nf )→ U(r)× U(Nf − r) , (5.70)
the resulting Nambu-Goldstone modes (massless moduli) descend from the Higgs branches ema-
nating from the origin at the AD point. The equation for the Higgs branch Ψ2 = 0 (3.40) contains
various sub-branches of rank r corresponding to the various Higgs branches emanating from the
r-vacua colliding at the AD point.7
As a consistency check, these results have been reproduced in Section 4 directly from the orig-
inal N = 2 gauge theory - softly broken to N = 1 - by use of the Dijkgraaf-Vafa superpotential
and Konishi anomalies, by appropriate identification of the relevantN = 1 vacua. Such an agree-
ment shows that the ultimate destination of the RG flow into the infrared is the same, regardless of
which routes are taken to reach it, see Fig. 1.
As a still further check, we have re-derived the results of Section 4 (hence of Section 3) by using
the effective action description of the softly brokenN = 2 SQCD, in terms of the mesons, baryons
and (for Nf > N) dual quarks (see Appendix A). Even though the analysis of the Appendix A is
equivalent to the one in Section 4, it has the advantage of illustrating the fact that the meson field
M appearing in Seiberg’s dual theory (the first two terms of Eq. (A.84)) and the fields in Eq. (4.56)
and Eq. (4.57) are the same degrees of freedom.
Thus the results of the analysis on the N = 1 deformation of the N = 2 Argyles-Douglas
theories proposed in Sections 2 and 3, based on the recent findings on the N = 1 curves, are
consistent with all known facts about softly-broken N = 2 SQCD. In particular, the massless
mesons in the adjoint representation of the global symmetry group found there, and the meson
7The maximal complex dimension of the Higgs branch is 2r(Nf − r) with r = [Nf/2]. At the origin of the Higgs
branch we found that the number of degrees of freedom is enhanced to N2f − 1. This is consistent with the vanishing
of the dual-quarks condensate in the AD point [32].
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µ≪ Λ2
µ≫ Λ1
IR
Figure 1: RG flow for various values of µ.
fields appearing in Seiberg’s dual SQCD, are closely related: they can be regarded as the same
objects, seen through different RG flow paths.
The results of the analysis in Appendix A furthermore suggest that our conclusion is generally
valid for SU(N) theories, both for odd and even Nf . For SU(2) theories this has been shown
for Nf = 1, 2, and 3 by our new method in Section 3. But for N ≥ 3 the analysis of Section 3
works only for Nf odd. For theories with even Nf the N = 2 vacua of interest are described by
the GST duals [14], which are nonlocal theories involving an infrared free SU(2) gauge group.
The method described in Section 3 of perturbing the N = 2 SCFT with an adjoint mass term and
flowing further down to the IR does not seem to apply straightforwardly in this case. It is left as a
future problem to generalize appropriately the analysis of Section 3.4 to general Nf .
To summarize, the class of N = 2 AD systems (strongly-interacting theories, described by
relatively nonlocal quarks and monopoles), when perturbed by a relevant N = 1 deformation,
flow in the infrared to a local system described by a free gauge-invariant meson in the adjoint
representation of the flavor symmetry group. Such an infrared physics is somewhat reminiscent of
the low-energy pion physics of QCD, even though theN = 1 AD system is a conformal fixed-point
theory. Perhaps, an even stronger analogy can be drawn by considering, as we did, the systems
slightly off the AD points (by noncritical quark masses m∗ + δm). The low-energy degrees of
freedom in these confining vacua are the Nambu-Goldstone bosons of flavor symmetry breaking,
which are a disguise of the free mesons defining the nearby infrared fixed-points.
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A Softly brokenN = 1 SQCD and Seiberg duality
In this Appendix the analysis of Section 3 is repeated by making use of the familiar infrared phases
ofN = 1 SQCD, including Seiberg’s dual SQCD and superconformal fixed points, the low-energy
physics in free magnetic phase, the infrared-free r-vacua, etc [17], [12]. The relation between the
free “mesons” in the adjoint representation of the global symmetry group found in Sections 2 and
3 and the meson field appearing in Seiberg’s dual SU(Nf − N) theory become transparent. The
discussion below closely follows that of [12].
The relation between theN = 2 andN = 1 dynamical scales is given by the relation
µNΛ
2N−Nf
2 = Λ
3N−Nf
1 . (A.71)
In the analyses of Sections 2 and 3, the adjoint scalar mass is chosen such that µ ≪ Λ2: in this
case the RG flow passes very close to the N = 2 IR fixed point, and the analysis made in those
Sections is appropriate.
Let us choose µ ≫ Λ1 this time. The RG flow passes now very close to various N = 1 fixed
points. See Figure 1. We shall see that in the far IR, the end point of all RG flows is always the
same.
One must distinguish various IR phases ofN = 1 SQCD. For Nf < N the low-energy physics
is described by a mesonic field M = Q˜Q plus the Affleck-Dine-Seiberg (ADS) instanton superpo-
tential. The total superpotential, after integrating out the adjoint field Φ, is then
Weff = mTrM − 1
µ
(
TrM2 − 1
N
(TrM)2
)
+ (N −Nf) Λ
3N−Nf
N−Nf
1
(detM)
1
N−Nf
. (A.72)
It is convenient to separate the identity component of the meson M from the traceless part
M = v1Nf + M˜ ; Tr M˜ = 0 . (A.73)
By expanding the effective action to second order in M˜ , one finds the equations determining the
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vacua
∂vWeff = mNf − 2
µ
Nf(N −Nf)
N
v −Nf Λ
3N−Nf
N−Nf
1
v
N
N−Nf
= 0 ; (A.74)
∂M˜Weff = −
2
µ
M˜ +
Λ
3N−Nf
N−Nf
1
v
2N−Nf
N−Nf
M˜ = 0 . (A.75)
We are interested in finding a vacuum with massless meson field. This leads to the vev of the trace
part of M
v
2N−Nf
N−Nf =
µΛ
3N−Nf
N−Nf
1
2
, (A.76)
and to the determination of the critical mass
m = m∗ =
2
N
2N−Nf (2N −Nf )
N
Λ
3N−Nf
2N−Nf
1
µ
N
2N−Nf
. (A.77)
This, together with (A.71), leads to the same result as found in Section 3.4 and in Section 4.
For Nf = N the low energy ofN = 1 SQCD is descried by the meson plus the singlet baryons
B and B˜. The superpotential is
Weff = m TrM − 1
µ
(
TrM2 − 1
N
(TrM)2
)
+ λ
(
detM − B˜B − Λ2N1
)
, (A.78)
where λ is a Lagrange multiplier that enforces the condition detM − B˜B − Λ2N1 = 0. As before
we expand around M˜ = 0 to O(M˜2); the vacuum equations are
∂vWeff = mN + λNv
N−1 ; (A.79)
∂M˜Weff = −
2
µ
M˜ − λvN−2M˜ ; (A.80)
∂λWeff = v
N +
1
2
vN−2Tr M˜2 − B˜B − Λ2N1 . (A.81)
These equations are solved by M˜ = 0. Enforcing the condition that the traceless part of the meson
is massless one has λ = − 2
µΛ2N−4
1
. This, together with B = B˜ = 0 and v = Λ21, gives the value of
the mass
m =
2Λ21
µ
, (A.82)
which again agrees with (A.77) for Nf = N .
For Nf = N + 1 the baryons carry flavor charges and the superpotential is
Weff = mTrM − 1
µ
(
TrM2 − 1
N
(TrM)2
)
− 1
Λ2N−11
(
detM − B˜MB
)
. (A.83)
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In the vaccum where M condenses to a diagonal form, the baryons become massive and can be
integrated-out. One is then left with the same effective superpotental (A.72).
Finally consider the cases Nf > N + 1. This is the case of interest for direct comparison with
the results of Section 3.4 and Section 4. The IR theory is a SU(N˜) = SU(Nf −N) gauge theory
described by dual quarks and a meson field M [17]. The superpotential is
W = q˜Mq +mTrM − 1
µ
(
TrM2 − 1
2
(TrM)2
)
. (A.84)
The F-term equations for the dual quarks are
M q = 0 ; q˜ M = 0 , (A.85)
which means that meson and dual quark vevs are orthogonal in flavor. The vacua with nonvan-
ishing dual quark vevs are found by solving straightforwardly [12] the meson equation of motion
following from Eq. (A.84).
The vacuum we are looking for turns out to correspond to the one in which the vev of the meson
field has the maximum rank, Nf . The dual quarks are all massive, and after integrating them out,
one gets an effective superpotential [12],
Weff = m TrM − 1
2µ
(
TrM 2 − 1
N
(TrM)2
)
+
1
Λ
3N−Nf
Nf−N
1
(detM)
1
Nf−N , (A.86)
the last term having the same form as the instanton superpotential (A.72), or better, its analytic
continuation to Nf > N . In this vacuum the dual quarks are massive, the (dual) gauge sector has
a mass gap, and the trace part of the meson field v is also massive. The only degrees of freedom in
the far IR are the traceless mesons. The analysis from this point on has already been worked out
in Section 4.
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